The space of the Donaldson-Thomas instantons on 
compact Kahler threefolds, I. 

Yuuji Tanaka 
Abstract 

In this article, we introduce perturbed Hermitian-Einstein equa- 
tions, which we call the Donaldson-Thomas equations, and study local 
properties of the moduli space of solutions to the equations such as the 
infinitesimal deformation and the Kuranishi map of the moduli space. 

1 Introduction 

In the late 90's, S. K. Donaldson and R. P. Thomas proposed gauge the- 
ory in higher dimensions in [DT| . Subsequently, R. P. Thomas introduced 
the holomorphic Casson invariant in [Th]. The holomorphic Casson invari- 
ant is a deformation invariant of a smooth projective Calabi-Yau threefold, 
which is obtained from the moduli space of semi-stable sheaves. This can 
be viewed as a complex analogy of the Taubes-Casson invariant defined by 
C. H. Taubes in [Ta]. However, it is not achieved as yet to construct the 
invariant in a "gauge theoretic", or an analytic way. 

The first candidate of gauge configurations which would describe this 
invariant could be the Hermitian-Einstein connection, since the the Hitchin- 
Kobayashi correspondence insists that there is a one-to-one correspondence 
between the existence of the Hermitian-Einstein connection and the Mumford- 
Takemoto stability of an irreducible vector bundle over a compact Kahler 
manifold (see e.g. |Ko] ) . However, the Hermitian-Einstein equations do not 
form an elliptic system even after gauge fixing in complex dimension three 
and more, so this might cause a little problem. 

To work out this issue, Donaldson and Thomas suggested a perturbation 
of the Hermitian-Einstein equations in |Thj . This perturbation was also 
brought in by Baulieu-Kanno-Singer [BKSJ and Iqbal-Nekrasov-Okounkov- 
Vafa [IN OV] in different contexts. 
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Let us introduce the perturbed equations mentioned above: Let Y be a 
compact Kahler threefold with the Kahler form tu, and E = (E, h) a hermi- 
tian vector bundle of rank r over Y. We consider the following equations 
for a connection A of E, which preserves the hermitian structure of E, and 
an End(i?)-valued (0,3)-form u on Y: 

F / + d* A u = 0, 
F 1 / Auj 2 + [u,u] = X(E)I e uj 3 , 

where \(E) is a constant defined by 

3(ci(£) • H 2 ) 



\(E) :-- 



r u 
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We call these equations the Donalds on- Thomas equations, and a solution 
(^4, u) to these equations Donaldson- Thomas instanton. 

In this article, we study the infinitesimal deformation and the Kuran- 
ishi map of the moduli space of Donaldson-Thomas instantons. The cor- 
responding results for the anti-self-dual equations in real four dimensions 
were studied by Atiyah-Hitchin-Singer [AHSJ (see also |FUj ) . and for the 
Hermitian-Einstein equations by H-J. Kim [Ki] (see also |Koj ) . 

The organization of this article is as follows: In Section 2, we briefly 
describe more backgrounds such as the Donaldson-Thomas program, the 
holomorphic Casson invariant, and the Hermitian-Einstein connection. Sub- 
sequently, we introduce the Donaldson-Thomas instanton on Kahler three- 
folds. We also discuss a relation between the Donaldson-Thomas equations 
and the complex anti-self-dual equations by dimensional reduction. In Sec- 
tion 3, we study local properties of the space of the Donaldson-Thomas 
instantons as mentioned above. 
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2 The holomorphic Casson invariant 
and the Donaldson-Thomas instanton 

We briefly describe the Donaldson-Thomas program, the holomorphic Cas- 
son invariant, and the Hermitian-Einstein connection. Afterwards, we intro- 
duce the Donaldson-Thomas equations over Kahler threefolds, and discuss 
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a relation between the Donaldson-Thomas equations and the complex anti- 
self-dual equations. 

2.1 The Donaldson-Thomas program 

S. K. Donaldson and R. P. Thomas proposed higher-dimensional analogue 
of low-dimensional gauge theory in |DT| . More specifically, they suggested 
the following two directions; 

1. Gauge theory in complex 2,3,4 dimensions, 

2. Gauge theory on G2-manifolds and S'pin(7)-manifolds. 

The first one concerns a "complexification" of the low-dimensional gauge 
theory. In this direction, Thomas introduced the holomorphic Casson in- 
variant in |Th| , which we shall refer to in the next section. The second one 
could be related to "topological M-theory" proposed in [N] , |DGNV| . 

2.2 The holomorphic Casson invariant on Calabi-Yau three- 
folds 

R. P. Thomas defined the holomorphic Casson invariant over a Calabi-Yau 
threefold in [Th| . We can say that it is a complex analogy of the Taubes- 
Casson invariant defined by C. H. Taubes in [Ta]. 

The Taubes-Casson invariant was defined by "counting" flat connec- 
tions over a compact oriented real three-manifold. Donaldson and Thomas 
speculated that a complex analogy of this Casson- Taubes invariant would 
be obtained by "counting" holomorphic vector bundles over a Calabi-Yau 
threefold. 

Based on this idea, Thomas defined the holomorphic Casson invariant of 
a Calabi-Yau threefold by constructing a virtual moduli cycle of the moduli 
space of semi-stable sheaves under some technical conditions. There, he 
used well-developed machineries such as the compactification of the moduli 
space of semi-stable sheaves by Gieseker, and the perfect tangent-obstruction 
theory by Li-Tian [LTj . 

2.3 The Hermitian-Einstein connection over Kahler mani- 
folds 

On the other hand, a stable vector bundle has a differential-geometric de- 
scription through the Hitchin-Kobayashi correspondence, which says that 
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there is a one-to-one correspondence between the existence of the Hermitian- 
Einstein connection and the Mumford-Takemoto stability of an irreducible 
holomorphic vector bundle over a compact Kahler manifold. 

Thus, one might expect a possibility of an analytic definition of the 
holomorphic Casson invariant by using the moduli space of the Hermitian- 
Einstein connections. 

However, this would not be literally true. One can see it by considering 
the infinitesimal deformation of the Hermitian-Einstein connection, which 
was studied by H-J. Kim [KiJ. We briefly look back on it here. 

Let X be a compact Kahler manifold of complex dimension n with the 
Kahler form u, E = (E, h) a hermitian vector bundle over X. A metric 
preserving connection A of E is said to be a Hermitian-Einstein connection 
if A satisfies the following equations: 

F / = 0, (2.1) 
AF 1 / = X(E)I E , (2.2) 

where X(E) is defined by 

n( Cl (E) • [fa;]"" 1 ) 
KE) - rW ' ( } 

and A := (Aw)*. 

The infinitesimal deformation of a Hermitian-Einstein connection A be- 
comes 

-» n°{X,End(E)) O^End^)) fl + (X,End(E)) 

n°' 3 (X, End(E)) ^ n°' 4 (X, End(E)) ( 2 - 4 ) 
D A 



where 



-> n u ' n {X,End(E)) -> 0, 

n k := n k (X,End(E)) := A k (X, End(£)), 
QP ,q ._ QP,<i(X,End(E)) := A p 'i(X) <g> R n°(X,End(E)), 



(2.5) 



and End(i?) = End(E, h) is the bundle of skew-hermitian endmorphisms 
of E, A k (X, End(E)) is the space of real /c-forms with values in End(-E), 
A p,q {X) is the space of real (p, q)-ioims over X, 



o+ : = n A n (o AU e n v > z e n u u) 
= {4> + 4> + fu> 1 4> e n 2fi , f g n }, 
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and 



D+ := P+ o Da, D' a := D A o P { 



,0,2 



where P + ,P 0,2 are respectively the orthogonal projections from f2 2 to Q, 0, 
H-J. Kim proved that (|2.4p is an elliptic complex if A is a Hermitian- 
Einstein connection. However, it is obviously not the Atiyah-Hitchin-Singer 
type complex [AHS] if n > 3, since there are additional terms such as 
f}°' 3 (X,End(£)) and so on. 

2.4 The Donaldson-Thomas instanton on Kahler threefolds 

As we saw in the previous section, the Hermitian-Einstein connection would 
not work for an analytic construction of the holomorphic Casson invariant. 
In order to work out the above issue, we "perturb" the Hermitian-Einstein 
equations. This perturbation was introduced by S. K. Donaldson and R.P. 
Thomas, and they pointed out that these equations could work for an ana- 
lytic definition of the holomorphic Casson invariant in |Thj . 

Let Y be a compact Kahler threefold with the Kahler form uj, and E 
a hermitian vector bundle of rank r over Y. We consider the following 
equations for a connection A of E, which preserves the hermitian structure 
of E, and an End(£')-valued (0,3)-form u on Y: 



We call these equations (12 .7p . (12. 8p the Donaldson- Thomas equations, and 
a solution (A,u) to these equations Donalds on- Thomas instanton. 

One may think of these equations as the Hermitian-Einstein equations 
with a perturbation u. However, we think of u as a Higgs field, namely, a 
new variable. One of advantages of introducing the new field u is that the 
Donaldson-Thomas equations form an elliptic system after fixing a gauge 
transformation, despite the fact that the Hermitian-Einstein equations on 
compact Kahler threefolds do not form it in the same way. 

These equations (j2.7|) . f|2.8j) were also studied in physics such as |BKSJ. 
In that context, these equations are interpreted as a bosonic part of dimen- 
sional reduction equations of the N = 1 super Yang-Mills equation in 10 
dimensions to 6 dimensions (see also [IN OVj . [NOVj). 

— 2 

Remark 2.1. If one uses the Bianchi identity OaFa = 0, the Donaldson- 



F / + B* A u = 0, 
F 1 / A u? + [u, u] = X(E)I e lo 3 . 



(2.7) 
(2.8) 
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Thomas equations (|2.7| . (|2.8j) are rewritten by 



d> = 0, 



(2.9) 
(2.10) 
(2.11) 




since 8a9\u = implies d* A u = on compact Kahler manifolds. 



2.5 The complex anti-self-dual equations and the Donaldson- 
Thomas equations 

In this section, we describe a relation between the Donaldson-Thomas equa- 
tions and the complex anti-self-dual equations. 

First, we introduce the complex anti-self-dual equations on Calabi-Yau 
fourfolds: Let X be a compact Calabi-Yau fourfold with the Kahler form ui 
and the holomorphic (4, 0)-form 9. We assume the following normalization 
condition on u and 0: 



Let £ be a hermitian vector bundle over X. By using the holomorphic 
(4, 0)-form 6, we can define the complex Hodge operator 



This leads one to define "anti-self-duality" over Calabi-Yau fourfolds [DTJ. 
More precisely, we consider the following equations: 



We call these equations (|2.12p . (|2.13p complex anti- self- dual equations. These 
equations were first introduced by Donaldson and Thomas [DT]. We remark 
that these equations are elliptic after gauge fixing. 

Remark 2.2. The complex anti-self-dual equations are interpreted as O- 
anti-self-dual equations which were introduced by Tian [TiJ . Let us describe 
this briefly. 



* e : ft°' 2 (X,End(£)) -» 0°' 2 (Y,End(£)) 



by 



tr^A*^) = (<f>,^)0 



4>,ipe n°' 2 (X,Bnd(E)). 



(1 + * e )Ff = 
AF^' 1 = X(E)U E . 



(2.12) 
(2.13) 
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We choose the Cayley calibration on Calabi-Yau fourfolds as namely, 
we put 

Q := 4Re((9) + \? . 

This calibration includes special Lagrangian and complex calibrations as 
special cases, since uj 2 vanishes on special Lagrangian submanifolds and 
Re(#) vanishes on complex submanifolds. For this choice of O, f2-anti-self- 
dual equations are exactly the same as (|2.12p . (|2.13p (see [Ti]). 

Now, we describe a relation between the Donaldson-Thomas equations 
(|2.7p , (|2.8p and the complex anti-self-dual equations (|2.12p , (|2.13p by dimen- 
sional reduction argument. This was pointed out by Tian [TT] . 

Let Y be a Calabi-Yau threefold with the Kahler form ojq and the holo- 
morphic (3,0)-form 8q, and T 2 a torus of complex dimension one. We 
consider the direct product of Y and T 2 , and denote it by X, namely, 
X := Y x T 2 . The Kahler form uj and the holomorphic (4, 0)-form on 
X are given by 

to := ljq + dz A dz, 
6 := O A dz, 

where dz is the standard flat (1,0) form on T 2 . 

Let £ be a hermitian vector bundle over Y, and p : X = Y x T 2 — > Y. 
We consider T 2 -invariant solutions to the complex anti-self-dual equations 
(pTT2|) . (g35]) oip*(E) X. Then these solutions satisfy the Donaldson- 
Thomas equations on Y. In fact, if we write a connection A on Y = Y x T 2 
as 

,4 = Ay + /dz - fdz, 

where Ay is the Y-component of the connection A and / € T(Y, End(-E)), 
then the curvature becomes 

F A = F Ay +D Ay fAdz- D Ay f Adz- [/, f]dz A dz. 

Thus, if we put 

u := f§ G f)°' 3 (Y,End(£)), 

then Ay and u satisfy the Donaldson-Thomas equations, provided that this 
A is a T 2 -invariant solution to the complex anti-self-dual equations. 
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3 Local structures of the space of Donaldson- Thomas 
instantons 

In this section, we study the infinitesimal deformation and the Kuranishi 
map of the moduli space of Donaldson-Thomas instantons. 

3.1 The space of Donaldson-Thomas instantons 

Let Y be a Kahler threefold with the Kahler form u, E = {E, h) a hermitian 
vector bundle over Y. 

We denote by A(E) = A(E, h) the set of connections of E which preserve 
the hermitian structure of E = (E, h). Put 

fl°' 3 {Y, End(E)) := A°> 3 {Y) ® R fl°{Y, End(E)), 

where ^4°' 3 (y) is the space of real (0, 3)-forms over Y and End(E) = End(22, h) 
is the bundle of skew-hermitian endmorphisms of E, and 

C{E) := A(E) x n°' 3 (Y,End(E)). 

We denote by Q{E) the gauge group, where the action of the gauge group is 
defined in the usual way. These spaces are all equipped with C°°-topology. 
Since the action of G(E) on C(E) is proper, C(E)/Q(E) is Hausdorff. 

We denote by T>{E) the set of all Donaldson-Thomas instantons of E, 
namely, 

V(E) := {(A,u) G C{E); (A,u) satisfies equations flUT]), (l^8|) }. 
Since (|2.7|) . (|2.8p are gauge invariant, 

V{E)/g(E) -> C(E)/G(E) 
is injective. Thus, T>{E) /Q{E) is also Hausdorff. We call 

M(E) :=V{E)/g{E) 
the moduli space of the Donaldson- Thomas instantons. 

3.2 The infinitesimal deformation 

The infinitesimal deformation of a Donaldson-Thomas instanton (A, u) is 
given by 



s 



where 

n k := Q k {Y,End(E)) : = A k (Y, End(£)), 



(3-2) 



n p,g n p ' q (Y,End(E)) := A p ' q (Y) © R CT(Y, End(E)), 

and ,4 fc (Y,End(£)) is the space of the real /c-forms with values in End(-E), 
A P ' 9 (Y) is the space of real (p, g)-forms over Y, 



n + -.= n 2 n (ft 2,0 © ft - 2 © n°u;) 
= {4> + 4> + fuj\4> e n 2fi , f g n }, 

and T> and T> + are maps defined by 



(3.3) 



V:g^(D A g,[u,g}), (3.4) 
V + : (a, i — * ZT^a + A 2 ([u, u] + [v, u]) + D> (3.5) 

for g G 0° and (a,f) GO 1 © O ' 3 , where A := (Au)*. 

If (A, u) is the Donaldson-Thomas instanton, then (|3.ip is a complex. In 
fact, T> + o T> = follows directly from the equations (|2.7p . (12. 8h , 



Proposition 3.1. If(A,u) G T>(E), then the complex (|3.ip is elliptic. 



proof. We prove that the complex (|3.ip is exact at the symbol level. 
Let mj 7^ be a real cotangent vector at y G Y. We write 



where w '° is a (l,0)-form and w ' 1 = it; 1 ' . Then, the symbols for the 
complex (|3.ip are as follows: 

(7(P,w)a = (wAa,0), 
a(P + ,u;)(a,w) = (P + (wAa), A(w 0,1 )t>), , ' > '' > 

where A(w ' 1 ) := (Aw ' 1 )*. 

The exactness at Cl° is obvious. We prove the exactness at (fi 1 © O ' 3 ). 
Suppose that 

P+(w a a) = 0, A(w°' 1 )w = 0. (3.7) 

We write a = a 1 ' + a ' 1 . Then we have u; ' 1 A a ' 1 = 0. Thus, a ' 1 = w ' 1 A 6 
for some b G End(-E , ) x , and a 1 ' = u; 1 ' A b. Hence a = w A b. For G Qy' 3 , 
it is obvious since A(w 0,1 )v = implies t> = 0. 
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The exactness at Sl + just follows from the vanishing of the alternating 



sum: 



dimftg - dim(0 1 © n°' 3 ) y + dim Q+ 

, / 3-2 \ (3. 
= 1- (6 + 2) +12. — + 1=0 



□ 

We denote by H l = H l , A U \(Y, End(-E)) the i-th. cohomology of the com- 
plex flSZTJ) for i = 0,l, 2. Then, 

H° ® C ~ if ' , /i° = /i ' , 

ii 1 ~ if ' 1 © if ' 3 , h 1 = 2k ' 1 + 2/i ' 3 , (3.9) 
if 2 ~ ii ' 2 © H°, h 2 = 2h°> 2 + h° 

where H 0)% (i = 0, 1, 2, 3) is the i-th Dolbault cohomology, h Q)% := dime H ' 1 
for i = 0, 1, 2, 3, and = dim R fT* for j = 0, 1, 2. 

Prom the Riemann-Roch-Hirzebruch theorem, we obtain the index of the 
complex (|3.ip : 

2(ch(End(£)) -Td(Y))[Y]. 
By using the Riemann-Roch theorem, the index becomes 

J^c^A^^diEf-r^E)^ + r 2 ^(-l)Mimii '*(Y). 

Remark 3.2. If a hermitian vector bundle E admits a Hermitian-Einstein 
connection, then 

J M UA{rc 2 (E) - H--A Cl (£) 2 ^ > 0. 
3.3 Local integrability 

Let Y be a Kahler threefold with the Kahler form u, E = (E, h) be a 
hermitian vector bundle over Y. Let (A, u) be a Donaldson-Thomas in- 
stanton. We consider a deformation [(A + a,u + v)] 6 V{E) /Q(E), where 
(a,t>) G Q 1 ©O ' 3 . Then, (a,i;) satisfies the following: 

D> + P + (aAa) + B(tt,t)) = 0, (3.10) 
D> + A(a)(u + v) = 0, (3.11) 
P*(a,u) = 0, (3.12) 
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where B(u,v) := A 2 ([u, v] + [v,u]) and A(ct) := (Act)*. We put 

<S(A,u) ■= {(a, v) ett 1 e n ' 3 | (a, v) satisfies fl3J0|) . (I3TT]) . (|5121> >. 
There is a natural map 

V : 5 (AiU) -> V{E)/g{E) (3.13) 

defined by (a, i> ) i— > [(A + a, u + f )]. 

We denote by End°(-E) := End (-E, /t) the bundle of trace-free skew- 
hermitian endmorphisms of E, and define 

Cl k := n k (Y,End°(E)) := A k (Y,End°(E)), 
Q P ,g ._ QP,g(Y 7 End°(£)) := A p,q (Y) ® R Q°, (3.14) 

n+ :=o 2 n(fi 2 '°eo°' 2 e^), 

and consider the sub complex of (|3.1I) : 

_> c^o Qi q0,3 q+ ^ o. (3.15) 

We denote by H^ A % = H^ A U \(Y, End (E)) the i-th cohomology of the com- 
plex ([535D for i = 0, 1, 2. 

We denote by r^ u ) the stabilizer at (A, u) G ^(-E 1 ) of the gauge group 
Q(E), namely, 

r (Au) :={^Eg(^)|p(A,«) = (A,u)}. 

We call (A, u) G I>(.E) regular if the stabilizer ^ is the identity, irre- 
ducible if (A, u) is regular or IV^) coincides with the center of the struc- 
ture group of E, and reducible otherwise. We denote by T>(E) the set of all 
irreducible Donaldson-Thomas instantons of E. 

Proposition 3.3. Let (A,u) G T>(E). Then, there exists a neighborhood 
U(A,u) °/0 in <Sm )U ) such that the map V induces a homeomorphism between 
U(a,u)/T(a,u) an d a neighborhood of[(A,u)] inV{E)/Q{E). 

proof. First, we prove that the map is locally surjective: 

Lemma 3.4. Suppose that (A+a, u+v) G T>(E) is close enough to (A, u) G 
TJ(E), where (a,v) G Q, 1 Q 0,3 . Then there exists a gauge transformation 
g which satisfies 

(g(A + a) - A, g(u + v ) - v) G S( A)U y 
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proof. Since the equations (|3.10p and (|3.1ip are gauge invariant, what we 
need to show is 

V*(g(A + a )-A, g(u + v)-v) = 0. 

From the assumption that (A, u) is irreducible, the kernel of the Laplacian 
A" on ft°(Y, End(-E)) is 1-dimensional. We denote by S the orthogonal 
component of H°(Y, End(S)) in ft°(Y, End(E)), namely, 



so that 



ft ; J Tr(s)u; 3 = j 



fl° = H°(Y,End(E))®S. 

Note that S is an ideal of the Lie algebra ft since Tr([t>i, t>2]) = for all 
vx,v 2 € ft . 

We define a map 

F : S x (ft 1 © ft ' 3 ) -► S 

by 

F(s, (a, v)) := £>*(e s (A + a) - A, e s (u + v)-u). (3.16) 
The map F can be extended to a smooth map 

F : L£ +1 (S) L^ft 1 VI ' 3 ) - ^(5) (3.17) 
for k > 6/p. Now, 
dF 



dv 



= V*V = A(°) : L p k+1 (S) -> (3.18) 

(0,0) 

is an isomorphism. Thus, from the implicit function theorem, there exists a 
smooth map 

(s, (a, t?)) i— > s = s(a, v) 
defined in a neighborhood of (0, (0, 0)) in L p k+1 (S) © L^ft 1 © ft ' 3 ) such that 

F(s(a, u), (a, u)) = s. 
Put <7 := e s . Then, we have 

= F(s,(a,v)) = g~ 1 (A^g + lower order term ). (3.19) 

Thus, by the elliptic regularity, g £ C°°. Hence, g is the required gauge 
transformation with 

V*{g(A + a)-A, g(u + v)-v) = Q. 

□ 
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Next, we prove the local injectivity of the map V: 

Lemma 3.5. If [A + a±, u + v\) and (A + a 2 , u + v 2 ) are sufficiently close 
to (A, u) and if there exists a gauge transformation g such that 

g(A + ai,u + vx) = (A + a 2 ,u + v 2 ), (3.20) 

then 

(ai,vi) = (a 2 ,v 2 ). 



proof. If g is sufficiently close to the identity, namely, g = e s with s G 
Q° close enough to 0, then Lemma 13.51 follows from the implicit function 
theorem. In fact, since (ai,i>i), (a 2 ,v 2 ) E S(A,v)i we have 

F(s, (ai,vi)) = T>*(a 2 ,v 2 ) = 0, 
F{s,{a 1 ,v 1 ))=V*(a 1 ,v 1 ) = 0. 

Thus, s = 0, and (ai,v\) = (a 2 ,v 2 ). 

Next, we consider the case that g is an arbitrary gauge transformation. 
By using the decomposition f2° = H° © S, we write 

s = c s Id E + si, 

where c s is a constant, and si € 5. Then there exists a constant zi > such 
that 

\\D A si\\ L p >^\si\\ L l +1 , (3 - 21) 
On the other hand, from (|3.20p . we have 

Das = s o a 2 — a% o s. (3.22) 

Thus, 

\\ d asi\\ l p = \ \D A s\\ L v 

= ^2]II s II^ +1 (II«iIIlp + II«2||l*) (3.23) 

= ^c s \\Id E \\ L p +i + IMUjkJGIailUg + H^Hrj), 
where Z2,Z3 > are some constants. Hence, we obtain 



\si \y < ttt^, -T, — iix . (3-24) 

1 - ® 1 1 «l| I if + ll«2|U|) 



J k + 1 
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where Z4 > is a constant. From this, if a\ and ai are small enough, then 
c s 7^ 0. Thus, 

— s = Ids H si 

is close to IdE- Hence, we can apply the argument before, where g is suffi- 
ciently small. □ 

□ 

We introduce the Kuranishi map. Let A®,G®,H® (i = 0,1,2) be 
Laplacian, Green function, and harmonic projection of the complex (|3,ip . 
These satisfy 

Id = ffW + A« o G® 
for i = 0, 1, 2. Note that Laplacian A^ 2 ) on f2 + is written by 

A( 2 ) = J D+( J D+)* + J D^. 
where D' A := D A o P°> 2 . From these, the left-hand-side of (pHO]) becomes 
D\a+P + (a A a) + B(u, v) 

= D+(a + (D+)* o o (P+(« A a) + t;))) 
+ D A D' A o G {2) o (P+(q A a) + B(«, u)) 
+ F (2) o (P+( a A a) + «)). 
Thus, we obtain the orthogonal decomposition of (|3.10p : 

D\(a + (D\)* o G (2) o (P + ( a A a) + u))) = 0, (3.26) 
S^it o G {2) o (P+(q a q) + B(u, v)) = 0, (3.27) 
H i2) o(P+(aAa)+B(u,v)) =0. (3.28) 
Also the left-hand-side of (13. lip is 

5> + A(a)(u + u) = D* A {v + D' A oG^(A(a)(u + v))) 

+ D+(D+)* oG^ o(A( a )(u + v)) (3.29) 
+ tf( 2 )(A(a)(u + t;)). 
Thus, the orthogonal decomposition of (13, lip becomes 

D* A (v + D' A o G (2) (A(a)(n + u))) = 0, (3.30) 

D+{D+Y o o (A(a)(« + u)) = 0, (3.31) 

# (2) (A(a)(u + u)) = 0. (3.32) 
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Now, we define the Kuranishi map 

k : n 1 © n°> 3 -> n 1 © ft 0,3 

by 

#(a,u) 

:= (a + (£>+)* o G< 2 > o (P+( a A a) + B(«, u + D' A o G^(A(a)(u + u))). 
We put 

W := H| Au) (Y,End(£)) := {(^ G j = 0} (3.33) 

for i = 0, 1, 2. Then, from the definition of the Kuranishi map, we obtain 

K(S {A>U) ) CM 1 ©]! ' 3 , 

where H ' 3 := H°' 3 (T, End(£)) is the harmonic part of ft°> 3 (Y, End(£)). 

Theorem 3.6. Let (A,u) be an irreducible Donalds on- Thomas instanton. 
Suppose that H^ A ^ = 0. Then the map K gives a homeomorphism from a 
neighborhood of in <S(a,u) t° a neighborhood of in H 1 ©EI 0,3 . 

proof. We extend the map K to a map 

K : L^Q 1 © ft ' 3 ) — > Lj^ft 1 © ft ' 3 ) 

for 1 < p < od and > 6/p. Since the Frechet differential of K at 
is identity, the inverse mapping theorem on the Banach space insists that 
there exist a neie hborhood U C M 1 © M ' 3 and a map 

L : U -f Lj^ft 1 © ft ' 3 ) 

such that 

#(£(&,«;)) = (&,«;). 
From the assumption that H? Au -> = H? Au JY,End°(E)) = 0, we have 

F (2) o (P+( a A a) + u)) = 0. 
Lemma 3.7. // (6, u>) G H 1 © H ' 3 is small enough, then L(b,w) <G S(a,u)- 
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proof. Let (a,v) := L(b,w). Then 

b = a + {D\Y o G (2) o (P+( Q a a) + u)), 
u, = v + o G (2) (A(a)(u + v)). 

Put 

£ := D* A D' A o G (2) o (P+( a A a) + u)), 
t? := D+(D+)* o G^ o (A(a)(u + v)). 

Since (6, ui) £ i 1 33 H ' 3 is small enough, L(b, w) E S(A,u) an d 

H( 2 ) o (P+( a A a) + u))) = 0. 

Thus, we obtain 

£ = Z>j[a + P + (a A a) + t>), 
77 = £)^t> + A(a)(u + v). 

From (|3.34p . we have 

£ - 2 = (D\a + P + {a/\a)+ B(u, v)) ' 2 
= D A a°> 1 +a°> 1 A a ' 1 . 

Thus, [e ' 2 ^ ' 1 ] = [DaoP' 1 ,^ 1 ], and 

£ = G {2) D\D' A {P + {a A a) + B(u, v)) 
= G( 2 W A D A (a°> 1 A a ' 1 ) 
= G( 2 )^[ J D A a°' 1 ,a ' 1 ] 



G^^^-.n 



0,2 „,o,n 



Therefore, 



iieii^<iieii^ +1 <^]iicii^iHi^, 

where z$ > is a constant. Thus, if a is small enough, £ = 0. 
In a similar way, we obtain 

V = G^oD+(D+)*(*[a,*(u + v)]) 
= G^D+*D+[a°' 1 ,*(u + v)} 
= G (2) L>+ * ([D A a°'\ *(u + v)] - [a ' 1 , *£>>]) 
= G( 2 ) J D+*[a°' 1 ,*7 7 ]. 
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Therefore, 

WvWlI < Wv\\lI +1 < zg\\<x\\lI +1 \\v\\lI +1 - (3-40) 
Thus, if a is small enough, rj = 0. □ 

□ 

Corollary 3.8. Let (A,u) G V(E). Suppose that Hf Au ) = 0. Then every 

(A,u) € Hl Au) (Y, End(E)) 

comes from a 1 -parameter family of variations (At,ut) £ T>{E) of (A,u). 

proof. Since Hl A U \(Y, End(.E)) ~ H 1 ©HI 0,3 , we prove that for any (a,v) € 
M 1 © M ' 3 there exists (a t ,v t ) Gil 1 © ft ' 3 with a = 0, v = such that 

D\a t + P + (a t A a t ) + B(u, v t ) = 0, 
D* A v t + A(a t ){u + v t ) = 0, 

and H(a) = a,H(v) = v, where a := ^a t \t=o,v := j^v t \t=o- 

If t is small enough, then there exists a unique (at, vt) G S(A,u) such that 

ta = a t + D\ o G< 2 ) o (P+(a t A a t ) + £(u, t^)), 
if) = Vt + £^ o G^(A(a t ){u + v t )). 

Clearly, ao = vq = 0, and ta = H(at), tv = H(vt). Differentiating these 
with respect to t, we obtain 



a = H(a), v = H(v). 



H(A t u t ) = ® follows from the upper semi-continuity of the cohomology 
of the elliptic complex. 

□ 
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